
II. Review of covering space

Definitions and Examples
������� 1 Let p : X̃ → X. X̃ is a covering space of X with a covering map p if
(1) p is onto and
(2) each x ∈X has a neighborhood U which is evenly covered, i.e.,

p−1(U) =
∐

a∈A

Va is a disjoint union of open sets Va of X̃ such that

p|Va
: Va → U is a homeomorphism, ∀ a ∈ A.

Examples.

1. id : X → X.
2. p : R → S1(⊂ C) given by p(x) = e2πix.
3. p : C → C

∗ = C− {0} given by p(z) = ez.
4. p : S1 → S1 given by p(z) = zn.�	��
� 	�� �	�

p−1 �� image ��� n ���������� �!#"$&%' ( n-sheeted covering )* +-,. / n-fold cover-
ing

�	�10 �324 5687. /:9 � .
;

<
identify

p

=>@?�AB 1: 4-fold covering of S1

5. p : Sn → RP n = Sn/ ∼ where x ∼ −x.�	� � �!#"$ quotient map p CD E covering map
�	�GFH 24 IJ K#L �

two fold covering(double
covering)

�	�NMO P 9 � .
6. p : R

2 → T 2 = S1 × S1 given by (x, y) 7→ (e2πix, e2πiy).

Excercise. If p : X̃ → X , q : Ỹ → Y are covering maps, then
p× q : X̃ × Ỹ → X × Y is also a covering map.
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7. 3-fold covering of figure eightQ ��RTS =>U?�AB�VW 	�� �	�
figure eight �� copy 3 ��� %' (&X �Y 0 �[Z]\_^`ba ��c�degfihkjl 9 � a �nmo p �	�1qsr�MO P 9 � .

∼=

=>@?�AB 2: 3-fold covering of figure eight

t ��u	vw ����x �zy�{|G}s~���� �� jl torus �� � �!#"$-������ ���� qsr���' (�X �Y 0 ��Z]\ mo p �	�1qsr� FH CD E���� , => ����VW torus �� 3-fold covering ,. / torus
�	�����

, genus ��� 2 ���� surface �� 3-fold cover-
ing ,. / genus ��� 4 ���� surface �������� �' (�� �Y8�$ �� ¡ 9 � .
Note.

1. M is a (C∞-)manifold ⇒ M̃ is also a (C∞-)manifold.

( ¢J¤£N¥]¦! ) §	¨© x ∈ M̃ ��� fih«ª S p(x) ∈ M ��� coordinate chart (U ,ϕ) %' ( ���¬x � 24 , �c�de p(x) CD E evenly cover
FH CD E neighborhood V %' ( ����®¯�� 9 � . �	�±°�²

U ∩ V ��� fih
ª S p−1(U ∩ V ) %' (´³]µ¶ §	¨© ª S¸·l qsr� ,

�	�º¹»¤¼ x %' ( ½¾À¿¯ÁÂÄÃ �ÅCD E U ∩ V �� copy ��� �� ¡ 24 �	�
copy


�
ϕ ◦ p ��� x �� coordinate chart %' (ÇÆÈ /:9 � .

Exercise. C∞- case ��� CD E �	�¬É ~Ê �ÌË�Í]Î! �� MO P
coordinate chart ÏÐ Ñ �	� Z]\ jl C∞-relate

FH
Ò�Ó �� ¡�ÔJ Õ �' ( ·l �	�10 � .
2. M is orientable ⇒ M̃ is also orientable.
( ¢J¤£N¥]¦! ) qsÖ�Ø×�Ù M̃ �� §	¨© ÍsÚÛ x ��� orientation �' (ÝÜ6ßÞ � . M̃ �� orientation ,. / local home-
omorphism p %' ( �	� Ôà £ Ã � Ò�á p(x) �� orientaion �' ( => fihâjl ����ã1ä 9 �nåD E 9 � . =>çæ Óèqsr�
§	¨© x ∈ M̃ ��� fih«ª S orientation

�	�
locally constant ��� FH CD E p(x) �� éê E y�{| U %' (X �ë �' ( �$ �� ¡ 24 , � c�de p(x) ��� Z]\ evenly cover

FH CD E V %' ( X �ë �' ( �$ �� ¡ 9 � . �	��°�²
p−1(U∩V ) =

∐

a∈A

Wa
¹»¤¼ x %' (ì½¾b¿¯ÁÂ�Ã �íCD E Wa

��� Z]\ orientation ,. / p ��� �� ª S U∩V ��

orientation VW 	�� ��ïî� jl locally constant
�	� 9 � .
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3. M is a compact manifold, p is a finite sheeted covering ⇒ M̃ is compact.
( ¢J¤£N¥]¦! ) M �	�

compact Ã � î� jl evenly cover
FH CD E coordinate neighborhood "ð c�de

��� jl ñóòô �' ( �$ �� ¡ 24 , compact set �� finite union ,. / compact
�	� î� jl Þ � ¥]¦! Ã � 9 � .

4. Every non-orientable manifold has an orientable double covering manifold.
( ¢J¤£N¥]¦! ) non-orientable manifold �� � �!#"$ §	¨© ÍsÚÛ t � 9 � 2 ��� �� orientation

�	�gõö /�÷ S Ã �
CD Eø��� , �	� %' ( double covering �� §	¨© sheet ���ÀùÈ /ûú � Ã � Ò�á�üþýÿ�� �� c�de��� orientation

�	���
	�� � Ã � ���� K mo p Ò�á�� ����� qsr� double covering manifold ��� orientable Ã ���ÌË�� �� ÏÐ Ñ �$ �� ¡9 � .
( ��� ) Möbius band �� double covering ,. / �$�� Ö��� ���� band ��� FH CD E���� �	� CD E annu-
lus


� 	�� 24 3-fold covering ,. / 9 � a �
Möbius band ��� MO P 9 � . 	�� ,. / y�{|G}s~���� jl Klien

bottle �� double covering ,. / torus ��� MO P 9 � .

Möbius band Double covering of Möbius band

∼= Annulus

=>@?�AB 3: Möbius band �� double covering

Klien Bottle Double covering of Klien Bottle

∼= Torus

=>U?�AB 4: Klien Bottle �� double covering

5. M
�	�

orientable
�	� 24 genus ��� g ����&� �!ø"$ ,

�	� ����� � 7. / M̃ %' (�� �Y�� ä ·l Þ � .�� ��  h Ôà £ ���!� � 0 � M̃ CD E "$#% a �
orientable

�	� î� jl χ � �� � �Y qsr� M̃ %' ( ���� Í]Î! üþýÿ �$ �� ¡
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9 � .(χ = 2 − 2g)
=>�& Ö� ��� , M̃ ��� n-fold 0 � qsr� M �� triangulation �' ( M̃

�� jl �' ( ú �qsr� V,E, F (� �$ n )sSÅ��� FH î� jl χ "$#% a �
n )sSí��� MO P 9 � . (χ = V − E + F ) * �,+- . c�dey�{| }s~� �� jl M

�	�
non-orientable

�
	� °�² �� n-fold covering M̃ �� χ %' ( � �YÇ�$ �� ¡ 24 ,
orientability ��� ���� Í]Î! FH qsr� M̃ %' ( ���� Í]Î! üþýÿ �$ �� ¡ 9 � .
/0 13254 4. Let M, M̃ be a closed surface. Suppose χ(M̃) = nχ(M). Is there a

n-fold covering M̃ →M?

non-covering

p

=>U?�AB 5: non-covering

�� =>U?�AB ��� Z]\768 9 ÍsÚÛ �� p-image ÍsÚÛ éê E y�{| ��� Z]\kCD E evenly cover
FH CD E éê E y�{| �' ( X �ë �' ( �$: ~; ��Ýî� jl covering map

�	�=<> ? �$ : ~; 9 � .=>çæ Ó@� � , �	�Ä°�²
p CD E local homeomorphism

�	� FH CD E���� , Ò�ÓBA,C� map f : X → Y ���
local homeomorphism

�	�10 �ÅCD E �EDF ,. / �� Û �� �� x ∈ X ��� fih Ã � Ò�á x �� neighborhood
U


�
f(x) �� neighborhood V ��� õö /ø÷ S Ã � Ò�á f |U ��� U


�
V G«� �	� �� homeomor-

phism
�	�gMO P 9 �íCD E �EDF �	� 9 � .

Remark

(1) p−1(x) is discrete.

(2) A covering p : X̃ → X is a local homeomorphism, and hence, an open
map.
(3) If p : X̃ → X is a covering and A ⊂ X, then p−1(A)

p
→ A is a covering.
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